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Abstract So far, all known results on harmonic maps between Riemannian mani-
folds are based in an essential way on the assumption that the target manifold has 
non-positive sectional curvature. In our paper we develop a theory of harmonic 
mappings of Riemannian manifolds into non-negatively curved Riemannian mani-
folds and give the geometric applications of our results to the theory of holomorphic 
maps of almost Kählerian manifolds and to addressing the “prescribed Ricci curva-
ture problem”. 
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1. Introduction and results 
 
In this section we focus our attention on the applications of the Bochner technique to 
harmonic maps. We also announce our results on harmonic maps that we have ob-
tained using the Bochner technique which are published in the present paper. 
The Bochner technique is the most important analytic method of differential geome-
try “in the large” which derived by Bochner for proving so-called vanishing theorems 
under appropriate curvature conditions on compact Riemannian manifolds (see [25]; 
[32] and [33]). In the works of Lichnerowicz, Nomizu, Kodaira, Yano and others, the 
analytic Bochner method was substantially developed and successfully applied to 
complex, complete Riemannian, and Lorentzian manifolds. In particular, the Bochner 
technique has applications in the theory of harmonic maps “in the large” which pre-
sented in the monographs [13] and [18] from the present point of view. At the same 
time, we note that the reader is referred to [1, pp. 65-105]; [5]; [6] and [7] for a de-
tailed account of harmonic maps. 
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The first application of the Bochner technique to study harmonic maps was in the 
well known paper of Eells and Sampson [7] where they was obtained the Weitzen-
böck formula for harmonic maps and proved the celebrated vanishing theorem on 
harmonic maps which state the following: if ( ) ( )gMgMf ,,: →  is any harmonic 
mapping between a compact Riemannian manifold (M, g) with the Ricci ten-
sor 0≥Ric  and a Riemannian manifold ( )gM ,  with the sectional curvature 0≤sec  
then f is totally geodesic (see for the definition [31]) and has constant the energy den-
sity . Furthermore, if there is at least one point of M at which its Ricci curvature ( )fe
0>Ric , then every harmonic map ( ) ( )gMgMf ,,: →  is constant (see [7]). The 
most recent vanishing theorem was proved in [16]. It states the following: let (M, g) 
and ( gM , ) be compact Riemannian manifolds with sec > 0 and 0≤sec , then any 
map (in particular, harmonic map) from (M, g) to ( )gM ,  must be homotopic to a 
constant map.  
The above scheme can be extended to a harmonic mapping of a complete 
manifold to a compact manifold with the non-positive sectional curvature. For exam-
ple, Yau and Schoen showed the following vanishing theorem (see [22]): A harmonic 
map of finite energy  from a complete non-compact manifold (M, g) with the 
Ricci tensor 
( )fЕ
0≥Ric  to a compact manifold ( )gM ,  with the sectional curvature 
0≤sec  is homotopic to a constant map on each compact set.  
To summarize the above observations (see also [13] and [18]) we note that until to-
day all known results on harmonic maps between Riemannian manifolds are based in 
an essential way on the assumption that the target manifold ( )gM ,  has non-positive 
sectional curvature.  
To contrast the above mentioned in the third section of the present paper we prove 
that any harmonic mapping ( ) ( )gMgMf ,,: →  between Riemannian manifolds (M, 
g) and ( gM , ) is totally geodesic if the section curvature of ( gM , ) is non-negative 
and (M, g) is a compact manifold with the Ricci tensor RicfRic ∗≥  for the pullback 
Ricf ∗  of the Ricci tensor Ric  by f. Beside it, in the fifth section we will show that a 
harmonic mapping of finite energy ( )fЕ  from of a complete manifold (M, g) with 
the Ricci tensor RicfRic ∗≥  to a manifold ( )gM ,  with the sectional curvature 
0≥sec  is totally geodesic.  
The map ( ) ( gMgMf ,,: → ) is called a contraction or weakly length decreas-
ing if ggf ≤∗  everywhere on M (see [21]). In particular, the map f is called strictly 
length decreasing if ggf <∗ . In [16] was proved the following vanishing theorem: 
Any strictly length decreasing map between compact Riemannian manifolds (M, g) 
and ( gM , ) whose sectional curvatures are bounded by secsec ≥≥σ  for some posi-
tive number 0>σ , is homotopic to a constant map. Other vanishing theorems can be 
found in [21] and [30]. In the fourth section of our paper we prove that any harmonic 
contraction mapping between a compact Riemannian manifold (  with the Ricci 
tensor 
)gM ,
( )gnRic 1−>  and a unite sphere ( )1nS  is a constant mapping. In particular, if 
f: → ( )1nS ( )1nS  is a harmonic strictly length decreasing mapping for the case 
nп > , then it is constant.  
In the case of Kähler manifolds Sealey in [23] studied holomorphic maps 
(which are harmonic) between Kähler manifolds (M, g, J) and ( J, g,M ). Another 
generalization of the Bochner technique was presented by Siu in [24] where he has 
obtained a Weitzenböck formula involving only the curvature of the image manifold 
for harmonic maps between Kähler manifolds (M, g, J) and ( J, g,M ). This type of 
argument enabled him to study properties of harmonic mappings and to obtain rigid-
ity results between compact Kähler manifolds with curvature conditions on the image 
manifold only. A similar analysis was carried out by Sampson in [20] for harmonic 
maps from a compact Kähler manifold (M, g, J) into a Riemannian manifold ( )gM , . 
In addition, we state that the reader is referred to [13] and [18] for a detailed account 
of harmonic maps between Kähler manifolds and their generalizations.  
In the sixth section of our paper we prove that any holomorphic mapping 
( ) ( JgMJgMf ,,,,: → ) between a complete almost semi-Kählerian manifold (M, g, 
J) with the Ricci tensor RicfRic ∗≥  and a nearly-Kählerian manifold ( )J, g,M  
with the sectional curvature 0≥sec  is totally geodesic if its energy  is finite.  ( )fЕ
The point of the famous papers [4] and [12] and the monograph [2; pp. 140-
153] is that in certain circumstances the metric (or at last the connection) is uniquely 
determined by the Ricci tensor. In particular, was proved some vanishing theorems. 
In the last section of the our paper we consider a compact Riemannian manifold 
( gM , ) with the sectional curvature 0≥cse  and the Ricci tensor gRic ≤ . Under 
these conditions, we prove that if g is another Riemannian metric on M with gRic = , 
then g and g  have the same Levi-Civita connection. Furthermore, if the full holon-
omy group Hol( g ) is irreducible then =Ric Ric . This proposition generalizes one of 
the main results of [13]. 
In the present paper we continue the study which we began in [26] where we 
proved some vanishing theorems for harmonic, umbilical and projective mappings. 
At the same time, this paper is based on our report [29] at the 12th International Con-
ference on Geometry and Applications (September 1-5, 2015, Varna, Bulgaria).  
2. Definitions and notations   
In this section we give a brief survey of differentiable mappings of Riemannian 
manifolds (see, for example, [5]; [14; pp. 8-10]; [18]).  
Let (M, g) be a Riemannian manifold of dimensional n with the Levi-Civita connec-
tion ∇  and ( gM , ) be a Riemannian manifold of dimensional п  with the Levi-Civita 
connection ∇ . Let there be given ( ) ( )gMgMf ,,: →  a differentiable mapping be-
tween Riemannian manifolds. Suppose MTf ∗ is the vector bundle over M with fiber 
( )MT xf  over Mx∈ . Then the differential MTTMf →∗ : of the mapping f is a 
smooth section of the bundle MTfMT ∗∗ ⊗  over M. On the other hand, the trans-
pose of (  is a linear mapping of )хf∗ ( )MT xf∗ into at each point MTx∗ Mx∈ . In this 
case, for any covariant tensor ω  on М , we can define a tensor ω∗f  on M by 
( )( ) ( )YfX,fYX,f ∗∗∗ = ...,..., ωω  for an arbitrary MTYX x∈,..., . 
Take coordinate neighborhoods U М⊂ with local coordinates  and nxх ,...,1 MU ⊂  
with local coordinates nxх ,...,1  such that ( ) UUf ⊆ . We denote by the local 
components of the Riemannian metric g on U 
ijg
М⊂ , by αβg  those of the Riemannian 
metric g on MU ⊂  where the indices i, j, k, l,  … run over the range {1, …, n } and 
,...,,, δγβα  run over the range {1, …, n }. 
Suppose that ( ) ( gMgMf ,,: → ) is representation by equations ( )nxxfx ,...,1αα =  
with respect to the local coordinates of U and U . We put ii dxxdf
αα = then the dif-
ferential  of mapping f is represented by the matrix ∗f ( )αif  with respect to the local 
coordinates of U and U . Then the energy density of ( ) ( gMgMf ,,: → ) is the non-
negative scalar function  ℝ such that ( ) →Mfe : ( ) =fe  ½ 2∗f where 2∗f  de-
notes the squared norm of the differential , with respect to the induced metric on 
the vector bundle 
∗f
MTfMT ∗∗ ⊗ . In local coordinates ( )fe  is expressed by ( ) =fe  
½ 2∗f  = ½ βααβ jiij ffgg  for the local components of the tensor . ijg 1−g
Let M⊂Ω  be a compact domain then we define the energy of the map  
( ) ( gMgf ,,: →ΩΩ )  by the equality ( ) ( )∫
Ω
Ω = gdfefE Vol for the canonical meas-
ure ng dxdxgd ∧∧= ...detVol 1  which associated to g (see [18; p. 1]). A smooth 
mapping ( ) ( gMgMf ,,: → ) is said to be harmonic if, for each compact domain 
M⊂Ω , it is a stationary point of the energy functional ( )→∞Ω ММСЕ ,:  ℝ with 
respect to variations preserving f on Ω∂  (see [6; p. 389]  and [18; p. 1]). It is well 
known that ( ) ( gMgMf ,,: → ) is a harmonic mapping if and only if it satisfies the 
Euler-Lagrange equation 0=∗fDtraceg   where D is the connection in the bundle 
MTfMT ∗∗ ⊗  induced from the Levi-Civita connections ∇  and ∇ of  and ( gM , )
( gM , ), respectively (see [7, p. 116]; [6; p. 389]). 
 
3. Harmonic mappings of compact Riemannian manifolds to non-negatively 
curved Riemannian manifolds 
In this section, we will show the main theorem of our work, which we have proved 
by the Bochner technique. 
Let ( ) ( gMgMf ,,: → )
)
 be a harmonic mapping between Riemannian manifolds and 
assume that (  to be compact.  We recall the well known the Eells-Sampson 
equation for a harmonic mapping f is the following (see [7; p. 123]; [18; p. 3]):  
gM ,
( ) ( ) 2∗+=Δ fDfQfe                                            (3.1) 
where  is the Laplace–Beltrami operator Δ ∇div  and  Δ =
( )fQ  = ( ) ( )( )klijijkljlik gfRRfgg ∗∗ +−  
αβ
βαδγβα
αβγδ gffRggffffRgg lkij
jlik
lkji
jlik +−=                      (3.2) 
for the local components αβγδR  of the Riemannian curvature tensor R  of ( )gM ,  and 
the local components of the Ricci tensor ijR Ric of ( )gM , .  
Now, using (3.1) and (3.2) we shall prove the vanishing theorem for harmonic maps 
which is an analogue of the Eells and Sampson celebrated vanishing theorem (see [7; 
p. 124]; [18; p. 3]). First, we suppose that 2≥п and rewrite (3.2) in the form 
Q(f) = αββαβδαγαβγδ gggffRR jlikjkij+ΦΦ−                           (3.3) 
where . Second, we diagonalize the symmetric tensor γαγααγ Φ==Φ ikki gff Φ  with 
respect to g , using an orthonormal basis { }nee ,...,1  at each point ( ) Mxf ∈ . Then 
letting sectional curvature of the plane π  of ( )MT xf  generate by αe  and βe  be 
( )πsec  = ( )βα ee ,sec  and expressing ( )βα ee ,sec  in term of the curvature tensor R  
by [2, p. 436] and [3] we have 
=ΦΦ−ΦΦ βδαγαβγδβδαγγδαβ RgR ( )( )2∑
<
−
βα
βαβα λλe,esec  
where all eigen-values 0≥αλ . In this case, the equality (3.3) can be rewritten in the 
form  
Q(f) = ( )( ) ( ) αββαδγγδ
βα
βαβα λλ gggffffRRee jliklkjiij −+−∑
<
2
,sec   
=   ( )( ) ( )gfRicfRicgee ∗∗
<
−+−∑ ,, 2
βα
βαβα λλsec                 (3.4) 
Third, based on the equality (3.4) and the equation (2.2), we formulate the following 
Theorem 1. Let ( ) ( gMgMf ,,: → ) be a harmonic mapping between Riemannian 
manifolds (M, g) and ( gM , ). Assume that the sectional curvature of the second 
manifold ( gM , ) is non-negative at every point of ( )Mf  and the first manifold (M, g) 
is a compact manifold with the Ricci tensor RicfRic ∗≥ . Then f is a totally geodesic 
mapping with constant energy density ( )fe . Furthermore, if there is at least one 
point of M at which RicfRic ∗> , then f is a constant mapping. 
Proof. Let ( ) ( gMgMf ,,: → ) be a harmonic mapping from a compact Riemannian 
manifold (M, g) to a Riemannian manifold ( )gM , . We may assume that M is ori-
entable; otherwise, we have only to consider the orientable twofold covering space of 
M. Then by the well known Green’s theorem (see [14, p. 281]) we obtain from (3.1) 
the following integral equality   
( ) g
М
g
M
VoldfDVoldfQ ∫∫ ∗−= 2 .                                    (3.5) 
If the inequality 0≥sec  is satisfied anywhere on ( )Mf  ⊂М  and the inequality 
RicfRic ∗≥  is satisfied anywhere on M, then ( )fQ  is non-negative everywhere on 
M. Since our hypothesis implies that the left hand side of (3.5) is non-negative and 
the right hand side is non-positive, this makes both sides zero. In particular, the left 
hand side of the above equation gives 02 =∗fD , making f a totally geodesic map-
ping (see [6, p 389]; [7, p. 123]; [31]). On the other hand, the right hand side of the 
above equation gives . Then from the equation (3.1) we obtain ( ) 0=fQ ( ) 0=Δ fe  
that means  is constant. Next, if the inequalities ( )fe 0≥sec  and RicfRic ∗≥  are 
satisfied and there is a one point x of M in which RicfRic ∗>  then the inequality 
 is true. This inequality contradicts the equation (3.5). In this case, 
the harmonic mapping f must be constant. QED. 
( ) 0>∫ g
M
VoldfQ
Consider now the case 3=п . We know that in dimension three a metric g  has posi-
tive sectional curvature sec  if and only if <Ric ½ gs  for the scalar curvature s  of 
( gM , ) (see [12]). This proposition follows from the equality (see [34]) 
( ) =πsec  ½ ( )X,XRics −  
where X is a unite vector orthogonal to MТ у⊂π  for each point Mу∈ . Therefore, if 
3=п  and 0≥sec  at each point ( ) Mxf ∈  then the inequality ≤Ric ½ gs  is true at 
each point ( ) Mxf ∈ . The above arguments and Theorem 1 allow us to formulate a 
corollary. 
Corollary 1. Let ( ) ( )gMgMf ,,: →  be a harmonic mapping between a compact 
Riemannian manifold (M, g) and a three-dimensional Riemannian manifold ( )gM , . 
If the Ricci tensor of ( gM , ) satisfies the following conditions RicRicf ≤∗  and 
<Ric ½ gs  at each pair of points Мх∈ and ( ) Mxf ∈ , then f is a totally geodesic 
mapping with constant energy density ( )fe . Furthermore, if there is at least one 
point of M at which RicRicf <∗ , then f is a constant mapping. 
Next, consider the case 1=п , which we have excluded from consideration of the 
above. Recall here that (  is a Riemannian manifold with quasipositive Ricci 
curvature if the Ricci curvature of 
)gM ,
( )gM ,  is nonnegative and there is at least one 
point of (  at which the Ricci curvatures in all directions are positive (see [33]). 
In this case, we have proved the following proposition (see [28]). 
)gM ,
Corollary 2. A compact Riemannian manifold of quasipositive Ricci curvature ad-
mits no harmonic submersions onto one-dimensional Riemannian manifolds.  
To conclude this section, we state the result about compact harmonic immersed sub-
manifolds.  We assume that ( gM , ) is a complete non-compact Riemannian manifold 
with 0≥sec  and 3≥п . We say that ( )gM ,  has positive curvature at infinity if out-
side a compact set all its sectional curvatures are positive (see [9]). This manifold 
( gM , ) has not compact minimal immersed submanifolds (see also [9]). At the same 
time it is well known that that an isometric immersion is minimal if and only if it is 
harmonic (see [7, p. 119]). Thus we have the following: 
Corollary 3. Let ( ) ( )gMgMf ,,: →  be an isometric immersion a compact Rieman-
nian manifold (M, g) into a complete non-compact manifold ( gM , ) with non-
negative sectional curvature. If ( )gM ,  has positive curvature at infinity, then f is not 
harmonic.  
4. Harmonic contraction mappings between compact Riemannian manifolds  
Let ( ) ( gMgMf ,,: → ) be a harmonic contraction mapping between compact Rie-
mannian manifolds (M, g) and ( )gM ,  such that (M, g) has the Ricci tensor Ric > 0 at 
each point Мх∈  and ( gM , ) has the sectional curvature 0≥sec  at each 
point ( ) Mxf ∈ . Recall here that the map f is called contraction if gfg ∗≥  every-
where on M (see [21]). 
For each Мх∈  let  denotes the smallest eigenvalue for Ric and let ( )хλ ( )xλλ
Mx∈= inf . 
On the other hand, for every point ( )Mfy∈  let ( )yΛ  denotes the largest eigenvalue 
for Ric  and let 
( )
( )yΛΛ
Mfy∈
= sup . In this case, from Λ≥λ  can obtain the inequality 
gfΛg ∗≥λ  because f is a contraction mapping. Hence, we can conclude that 
RicfRic ∗≥ . The last inequality is the second from two “non-existence conditions” 
of our Theorem 1. Taking the above into account, we can formulate the following 
corollary from our Theorem 1. 
Corollary 4. Let ( ) ( )gMgMf ,,: →  be a harmonic contraction mapping between 
compact Riemannian manifolds (M, g) and ( )gM , . Assume that the Ricci tensor of 
(M, g) is positive definite everywhere on M and the sectional curvature of ( )gM ,  is 
non-negative at every point of ( )Mf . If Λ≥λ , then f is totally geodesic with con-
stant energy density . Furthermore, if ( )fe Λ>λ , then f is a constant mapping. 
In particular, let 3=п . In this case, if the mapping ( ) ( gMgMf ,,: → ) is contrac-
tion then form the inequality ≥Ric ½ s g  we obtain RicfRic ∗≥ . Furthermore, if 
there is at least one point of M at which >Ric ½ gs  then RicfRic ∗> . On the basis 
of these arguments and our Theorem 1, we can formulate the following corollary. 
Corollary 5. Let ( ) ( )gMgMf ,,: →  be a harmonic contraction mapping between a 
compact Riemannian manifold (M, g) and a three-dimensional Riemannian manifold 
( gM , ).  If the Ricci tensor Ric  and the scalar curvature s  of ( gM , ) satisfy the fol-
lowing conditions <Ric ½ gs  and ≥Ric ½ gs  at each pair of points Мх∈ and 
( ) Mxf ∈ , then f is a totally geodesic mapping with constant energy density ( )fe . 
Furthermore, if there is at least one point of M at which >Ric ½ gs  then f is a con-
stant mapping. 
We consider now a harmonic map f: (M, g) → ( )1nS  between a compact Rieman-
nian manifold (  and a unite sphere )gM , ( )1nS  with its standard metric g . More-
over, we assume that 2≥п . In this case, the inequality 0≥sec  which is the first 
“non-existence condition” of our Theorem 1 is satisfied. In turn, for a harmonic con-
traction mapping ( ) ( )gMgMf ,,: →  from ( )gnRic 1−≥  we can obtain the inequal-
ity RicfRic ∗≥ . Then by our Theorem 1 conclude that  f is a totally geodesic map-
ping. On the other hand, if there is at least one point of M at which ( )gnRic 1−>  we 
obtain the second “non-existence condition” RicfRic ∗>  of the Theorem 1. As a re-
sult, we can formulate the following corollary.  
Corollary 5. Let f: (M, g) → ( )1nS  be a harmonic contraction mapping between a 
compact Riemannian manifold ( )gM ,  and a unite sphere ( )1nS  with 2≥п . Assume 
that at every point of  its Ricci tensor ( gM , ) ( )gnRic 1−≥ , then f is a totally geo-
desic mapping. Furthermore, if there is at least one point of M at which 
( )gnRic 1−>  then f is a constant mapping. 
Remark. To close this section, we recall that by the well known Theorem of Bonnet-
Myers, the condition ( )gnRic 1−≥  implies ( ) π≤gM,diam (see [13, p. 194]). Fur-
thermore, if ( ) ,gM,diam π= then (M, g) is isometric ( )1nS .  
5. Harmonic mappings of complete Riemannian manifolds to non-negatively 
curved Riemannian manifolds 
Let ( ) ( gMgMf ,,: → )
)
 be a harmonic mapping between Riemannian manifolds and 
 be complete. Assume that the sectional curvature ( gM , 0≥sec  at every point of 
 then Ricci tensor ( )Mf ( ) ( )0, ≥xх XXRic  at each point Mfx∈  in the direction 
МТХ хх ∈  because  ( ) ( ) ( )∑
=
=
1
,,,
a
aхxxxx eXXXgXXRic sec
−1n
 where 11,..., −nee  an or-
thonormal basis of . In this case, if we assume that the inequality ⊥xX RicfRic ≥ ∗  is 
satisfied anywhere on M then the Ricci tensor Ric
( )
 is non-negative, and therefore 
 is non-negative everywhere on M. Schoen and Yau have showed in [22] that fQ
( )fе  is subharmonic function on (M, g) if ( ) ≥f 0
2
Q . On the other hand, Yau has 
proved in his other paper [35] that every non-negative L -integrable subharmonic 
function on a complete Riemannian manifold must be constant. Applying this to 
( )fе , we conclude that ( )fе  is a constant if the energy  
( ) ∞+<= ∫ ∗ g
М
VoldffE 2
≥
 (see also [22]). On the other hand, every complete non-
compact Riemannian manifold with nonnegative Ricci curvature has infinite volume 
(see [17]). In our case, we have 0Ric  then the volume of (M, g) is infinite. This 
forces the constant  to be zero and f to be a constant map (see also [22]). We 
have proved the following result.  
( )fе
Theorem 2. Suppose ( ) ( )gMgMf ,,: →  is a harmonic mapping with finite energy. 
Assume that the sectional curvature of ( )gM ,  is non-negative at every point of 
 and (M, g) is a complete non-compact manifold with the Ricci tensor (Mf )
RicfRic ∗≥ . Then f is a constant map.  
We know by [5] and [36, p. 247] that harmonic maps (M, g) onto a unite circle ( )11S  
are canonically identified with the harmonic one-forms on ( )gM ,  with integral peri-
ods. At the same time, as is well known from the paper [35] that any complete Rie-
mannian manifold (  with quasipositive Ricci curvature does not admit har-
monic one-forms. Therefore, the following statement is true.  
)gM ,
Corollary 7. An arbitrary complete Riemannian manifold with quasipositive Ricci 
curvature does not admit harmonic maps onto ( )11S . 
Remark. One should compare the result of the Corollary 7 with the result which we 
stated in the Corollary 5. 
6. Holomorphic mappings of compact and complete almost semi-Kählerian 
manifolds 
An almost Hermitian manifold (M, g, J) is a 2m-dimensional Riemannian manifold 
(M, g) endowed with almost complex structure J which is a smooth section of the 
bundle ТММТ ⊗∗ such that  and idJ −=2 ( ) gJJg =, (see [18, p. 147]). In particu-
lar, (M, g, J) is called cosymplectic (see [15, p. 251]) or almost semi-Kählerian mani-
fold if  where the operator 0=∇∗J ∗∇  is formally adjoint to  (see [8]; [10]). The 
almost semi-Kählerian manifold (M, g, J) can be specialized as follows: this mani-
fold is said to be quasi-Kählerian, nearly-Kählerian and Kählerian if 
 ( )
∇
( ) ( ) ,0=∇+∇ JYYJ JXX 0=∇ XJX  and 0=∇J , respectively (see [10]).  
Now, let us consider a smooth mapping ( ) ( )JgMJgMf ,,,,: →  between almost 
Hermitian manifolds. We suppose that f is not necessarily a diffeomorphism and the 
manifolds (M, g, J) and ( J, g,M ) do not have the same dimension. The mapping f is 
called holomorphic if its differential  commutes with almost complex structures J 
and 
∗f
J , i.e. ∗∗ = fJJf oo  (see [15, p. 123]). On the other hand, the mapping f is said 
to be anti-holomorphic if ∗∗ −= fJJf oo  (see [18, p. 9]). The basic relation between 
holomorphic (anti-holomorphic) maps and harmonic maps is given by the following 
local result due to Lichnerowicz (see [1, p. 252]; [18, p. 9]; [19; p. 175]). 
Theorem 3. Any holomorphic map ( ) ( )JgMJgMf ,,,,: →  from an almost semi-
Kählerian manifold (M, g, J) to a quasi-Kählerian manifold ( )J, g,M  is harmonic.  
Then using Theorem 2 and Theorem 3, we can state the following corollaries. 
Corollary 8. Let ( )J, g,M  be a quasi-Kählerian manifold with the sectional curva-
ture 0≥sec  and (M, g, J) be a compact almost semi-Kählerian (quasi-Kählerian, 
nearly-Kählerian and Kählerian) manifold with the Ricci tensor 0≥≥ ∗RicfRic . 
Then any holomorphic mapping ( ) ( )JgMJgMf ,,,,: →  is totally geodesic. Fur-
thermore, if there is at least one point of M at which RicfRic ∗> , then f  is constant. 
Corollary 9. Let ( )J, g,M  be a quasi-Kählerian manifold with the sectional curva-
ture 0≥sec  and (M, g, J) be a complete non-compact almost semi-Kählerian (quasi-
Kählerian, nearly-Kählerian and Kählerian) manifold with the Ricci tensor 
0≥≥ ∗RicfRic . Then any holomorphic mapping ( ) ( JgMJgMf ,,,,: → ) with fi-
nite energy is constant.  
7. A uniqueness theorem for Ricci tensor 
The main point of the papers [4]; [12] and the monograph [2; pp. 140-153] is that in 
certain circumstances the metric (or at last the connection) is uniquely determined by 
the Ricci tensor. In reticular, in [4, Corollary 3.3] and [2, Theorem 5.42] the cele-
brated result was proved: Let ( )gM,  be a compact Einstein manifold with the Ricci 
tensor gRic =  and the section curvature 0≤cse , then an another Riemannian metric 
g on M with gRic =  has the Levi-Civita connection ∇  such that ∇=∇ . At the same 
time, from Theorem 1 we obtain the corollary which generalizes this result.  
Theorem 3. Let ( gM , ) be a compact Riemannian manifold with the sectional curva-
ture 0≥cse  and the Ricci tensor gRic ≤ . If g is another Riemannian metric on M 
with gRic = , then g and g  have the same Levi-Civita connection. Furthermore, if 
the full holonomy group Hol( g ) is irreducible then RicRic = . 
Proof. We assume that the manifold M is equipped with two Riemannian metrics g 
and g . If 0=Ttraceg  for ∇−∇=T , then the identity mapping from M with metric 
g to M with metric g  is harmonic, and gtraceg  is the harmonic mapping energy 
density (see [14]). In our situation, we have 0>= gRic , then the identity map Id: 
(M, g) → (M, Ric) is harmonic and its mapping energy density 0>= sgtraceg  for 
the scalar curvature s of  g (see [2, p. 152]; [12, pp. 50-51]). In this case, the Eells-
Sampson equation (3.1) has the form (see [4])                                       
½ ( ) 2Δ TfQs +=                                                (6.1) 
where ( ) ( )ijklklijjlik RggggfQ −=  and 02 ≥= qjlpikpqklij TTgggT . On the other 
hand, we have the identity (see [2, p. 436]; [3]) 
( ) ( )( )2ji
ji
ji
jlik
ijklklij e,esecRRg λλϕϕ −=− ∑
<
                   (6.2) 
where ϕ  is any smooth symmetric tensor field such as ( ) ijiji ee δλϕ =,  for the 
Kronecker delta  and an orthonormal basis ijδ { }nee ,...,1  at any point Mх∈ . Then 
equation (6.1) can be rewritten in the form 
½ ( )( ) ( ) 22 TRgggge,esecs klklijjlikji
ji
ji +−+−=Δ ∑
≠
λλ              (6.3) 
where ( ) ijiji eeg δλ=, . The proof of Corollary 2 is completed by showing that under 
the stated assumptions the right side of (6.3) is non-negative. Since then 0≥Δ s  and 
hence s is a positive subharmonic function on (M, g). If ( )gM ,  is a compact Rie-
mannian manifold, then using the Hopf’s lemma (see [15, p. 338]), one can verify 
that s = const. In this case, from (3.3) we obtain T = 0. Therefore, g and g  have the 
same Levi-Civita connection. Furthermore, if the full holonomy group Hol( g ) of 
( gM , ) is irreducible, then the metric gCg =  for some constant С > 0 (see [2, pp. 
282; 285-287]). In this case, we have the identity RicRic =  because the Ricci tensors 
Ric  and Ric of the metrics g  and gC , respectively, are equal. QED.  
The following two propositions will clarify the situation for vanishing theorems in 
this theory. In [4] the following vanishing theorem was proved: Let ( gM, )  be a com-
pact Riemannian manifold with all sectional curvature less then ( ) 11 −−п . Then there 
is no Riemannian metric g on M such that its Ricci tensor gRic = . At the same time, 
we note that the inequality 1+<cse  implies the following inequality gRic < . In its 
turn, in [12] the following non-existence theorem was proved: Let g  be a metric on a 
compact manifold M with the sectional curvature 1+<cse , then any metric g does 
not exist on M such that its Ricci tensor gRic = . We also get a non-existence result 
which complements the above propositions. 
Corollary 10. Let ( gM, ) be a compact Riemannian manifold with the nonnegative 
section curvatures and the Ricci tensor gRic < . Then there does not exist Rieman-
nian metric g on M such that its Ricci tensor gRic = . 
Proof. Let ( gM, )  be a compact Riemannian manifold and the Ricci satisfies the ine-
quality gRic < . In this case, from the equation (6.3) we obtain the inequality 
0>Δ s , which is impossible at a maximum of s we have 0≤Δ s . QED.  
In particular, for n = 3 and 0≥cse  from (6.3) we obtain 
½ ( )( ) +−≥Δ ∑
<
2
ji
ji
ji e,esecs λλ ½ ( ) 22 2 Tsg +−                (6.4) 
because ≤Ric ½ gs . If we suppose that 2≤s  then from (6.4) we obtain 0≥Δ s  and 
hence s is a positive subharmonic function on (M, g). Furthermore, if 2<s  then 
0>Δ s . Therefore, the Theorem 3 has an impotent corollary.  
Corollary 11. Let ( )gM ,  be a three-dimensional compact Riemannian manifold with 
the Ricci tensor Ric  such that ≤≤ Ric0 ½ gs  for the scalar curvature 2≤s . If g is 
another Riemannian metric on M with gRic = , then g and g  have the same Levi-
Civita connection. Furthermore, if ≤≤ Ric0 ½ gs  for 2<s , then there does not ex-
ist Riemannian metric g on M such that its Ricci tensor gRic = . 
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